We perform Hartree-Fock calculations to show that quantum dots (i.e. two dimensional systems of up to twenty interacting electrons in an external parabolic potential) undergo a gradual transition to a spin-polarized Wigner crystal with increasing magnetic field strength. The phase diagram and ground state energies have been determined. We tried to improve the ground state of the Wigner crystal by introducing a Jastrow ansatz for the wavefunction and performing a variational Monte Carlo calculation. The existence of so called magic numbers was also investigated. Finally, we also calculated the heat capacity associated with the rotational degree of freedom of deformed many-body states.
I. INTRODUCTION
Quantum dots have been subject of recent intense experimental and theoretical research.
The interest in those nanostructures arises not only from possible new technological applications, but also from the desire to understand the fundamental physical problem of a few (m ≤ 300) interacting electrons in an external potential and a strong magnetic field.
In a weak magnetic field electrons form a rotationally symmetric state by occupying the lowest Fock-Darwin levels. With increasing magnetic field, the behaviour is determined by three basic mechanisms: the spin alignment of the electrons (eventually resulting in a spin polarized system), the Pauli principle (which causes the ground states of the system to occur with certain "magic numbers" of the total angular momentum [1, 2] ), and finally the Coulomb interaction. This latter makes the electron droplet susceptible to edge excitations and bulk instabilities, as the electron-electron interaction favors a larger area [3, 4] .
The scenario above assumes a unbroken rotational symmetry. Questions concerning a high-field transition to so-called Wigner molecules and crystals, in which electrons occupy fixed sites in a rotating frame and are therefore localized, have been investigated by Maksym [2] and Bolton et. al. [5] . Maksym considers a 'large angular momentum limit' of systems of up to five electrons and describes only excited states of integer angular momentum. He speculates on the existence of ground state Wigner molecules in the large field limit. Bolton et. al. simulated up to forty classical interacting point charges in an external parabolic potential.
In this article we consider the ground state properties of up to twenty electrons in the limit of a strong magnetic field. We treat the full quantal problem by solving the HartreeFock equations for the two-dimensional electron gas. After a brief description of the well known phases of the rotationally symmetric case as they appear in the Hartree-Fock approximation, we present the gradual transition towards a Wigner molecule and crystal; the various spatial configurations are shown and the shell structure is compared to that of the classical calculation [5] . We further describe a variational Monte Carlo calculation which we performed to improve the wave function by a Jastrow ansatz. Finally, we investigate the rotational spectra associated with the breaking of the continuous rotational symmetry; the heat capacity associated with this new rotational degree of freedom is calculated.
H 0 is the single-particle Hamiltonian whose eigenfunctions will form the basis states for the Hartree-Fock calculation. For the spatial part ofĤ 0 we define
with [a,
where L := b † b − a † a is the angular momentum of the particle. The eigenvalues of the single
ω c k, indicate that for strong magnetic fields, e.g. B 0 ≈ 10 T, one hashω c ≈ 17 meV andhω(B 0 ) ≈ 9 meV, and all particles occupy the Fock-Darwin states with n = 0:
We therefore restrict our calculation to the n = 0 level, which resembles the lowest Landau level if the external potential had been switched off. The eigenfunctions are
being the Laguerre polynomial of degree zero.
In the Hartree-Fock calculation, we minimize the Hartree-Fock energy
c l 1 |Φ being the density matrix and |Φ being a Slater determinant. c † l creates a fermion in the state Ψ l , while its Hermitian conjugate c l destroys it. The indices
run over all orbital states k, as well as the spin degree of freedom s = {+
δ s 1 s 2 is the single particle matrix element of the Hamiltonian andv the antisymmetrized Coulomb matrix element,
To minimize (5), we vary with respect to ρ, δE HF /δρ = 0, with the contraints that we stay within the set of Slater determinants (ρ 2 = ρ) and conserve the number of particles (trρ = m) resulting in the matrix diagonalization problem
where Γ is the so-called mean field. The eigenvectors D k of h represent the new singleparticle states {k}, that are to be occupied according to the energies ε k . Equation (7) has to be solved self consistently, since
We use the Fock-Darwin representation in our calculation and take into account up to 200 single-particle states (including spin). We tested our code by comparison with the results of Pfannkuche et. al. [6] and Bolton [7] . Although Pfannkuche et al. describe quantum dot helium in a model space that is different from ours (they included n = 0 states in their calculation), our ground state energies of total angular momentum J = 1 for 0 T ≤ B 0 ≤ 5 T coincide with their Hartree-Fock calculation within less then 2%, and the J = 0 ground state energies agree with less than 5%. As one can see in table I of reference [6] , the n = 0 coefficients in their J = 0 ground state are larger than in their J = 1 ground state, so that the n = 0 space is more significant for those magnetic field strengths. Similar results are obtained if we compare our results to the fixed node Monte Carlo calculation of reference [7] . In the spin polarized case our ground state energies agree within a few percent, while we overestimate the energy of the depolarized system by up to 15%. This is due to the larger correlation energies (ignored in a Hartree-Fock calculation) when two electrons can occupy the same orbital. Since the questions addressed in this article concern the spin polarized regime, this deviation from the results of [7] is of little concern.
The Hartree-Fock approximation is known to conserve symmetries present in the initial trial wavefunction. To generate deformed solutions, we started with a quite arbitrary, but not rotationally invariant, initial Slater determinant, which produces a deformed initial mean field. Self consistent iteration of the Hartree-Fock scheme guarantees amplification of solutions with the symmetry of the Wigner molecule. Of course, the same converged solution must be reached for several different initial states to give confidence that it is the true minimum.
III. NUMERICAL RESULTS
We have used the material constants of GaAs (i.e., m * = 0.067 m e and ǫ = 12.9, as well as an external potential strength ofhω 0 = 3 meV) for our calculation. To observe the expected phase transition, we first consider a system of m = 10 electrons. In Table I we show the spatial configurations of the system in the Wigner-like structure The Hartree Fock calculation is based on a theory of independent particles moving in an average potential. We improved the wavefunctions for the Wigner regime to a many body wavefunction by introducing a Jastrow type function
where S is the symmetrizer and Φ HF the Hartree Fock solution to the problem. To guarantee a convenient symmetrized form of the product of these function, we made the ansatz
for the pair correlation function f (z i − z j ) with k as a variational parameter. We performed a variational Monte Carlo calculation [8] to evaluate the energy
As it turned out, the Jastrow type wavefunction did not significantly improve the HartreeFock energy. In the case of 10 electrons and B = 20 T, the energy could only be improved by 0.1% (0.4 meV) at k = 0.1. For 0.1 < k < 1 the energy is slowly increasing, while for k > 1 highly excited states are simulated as more holes are introduced into the wavefunction.
Obviously, the Hartree-Fock solution already describes the Wigner state accurately.
In Fig 5 we plot the phase diagram with respect to number of particles and the ratio ωc ω 0
. We omit the regime of bulk instabilities, since it is of minor importance. The phase boundary of the spin polarized regime and the partially unpolarized regime suffers again from the Hartree-Fock approximation, as it bends down with decreasing number of electrons.
The boundary of the molecular regime is defined by how much the continuous rotational symmetry is broken: the fractional uncertainty in the total angular momentum is f =
, and we define a molecule by f > 1%. The boundary is fairly constant for m > 6, but, since the transition is gradual, it has some uncertainty. For less than eight particles, we find a small drop in the boundary, due either to some non-obvious physical effect or to the approximation we use.
In our Hartree-Fock solutions of ten or more electrons and B 0 = 20 T, the relative uncertainty in total angular momentum, f , is of order of 10%. As in atomic nuclei, these deformed solutions give rise to rotational spectra, which do not appear in the case of the unbroken symmetry. We have estimated the spectrum of rotational excitations by projecting the Hartree-Fock Slater determinant onto eigenfunctions of good angular momentum I [9] .
The projector has the formP
and the energies which result from taking the mean value ofĤ with the projected wavefunctions are given by
defining the quantities h(α) = Φ|Ĥe iαĴ |Φ and n(α) = Φ|e iαĴ |Φ . Since the standard deviation inĴ is only of few percent, one can calculate these matrix elements approximately by writing h(a) in the expansion
One justifies this ansatz with the fact that it represents a Taylor expansion of the Fourier transformed function h(α)/n(α), and, assuming that both quantities are sharply peaked at α = 0, this quotient is smooth and can be approximated by a few terms of equation (13).
) on equation (13) and setting α = 0, one gets an inhomogeneous system of equations for the unknown h 0 ...h K :
Equation (12) can then be expressed as
We restrict ourselves to K = 2, since higher terms involve the calculation of k-body operators with k > 4. For this case, we have 
where Z = 1 + I exp −E 
Expanding the potential around the equilibrium position r 0 of the outer electron to second order, we obtain
The electron is confined by the parabolic part of this expansion with an corrected strength (hω c ) 2 ≈ 21 meV, much larger than the separation in the rotational energy levels (∆E rot ≈ 10 −4 meV around I = 225h).
Vibrational modes therefore contribute only marginally to the heat capacity and can be easily suppressed by proper excitation of the rotational modes only.
In summary, we have shown in a full quantum mechanical treatment that there exist regimes where Wigner molecules and crystals are the ground states of quantum dots. We have also described rotational spectra of quantum dots, which arise from the existence of Heat capacity c arising from the rotational spectra of Figure 6 . The dashed line shows the twenty electron system, the solid one the ten electron case.
